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1. Introduction
In a recent paper [1], a new formalism was proposed for quantizing the superstring in
a manifestly ten-dimensional super-Poincare´ covariant manner. Unlike all previous such
proposals, an explicit covariant prescription was given for computing tree-level scattering
amplitudes of an arbitrary number of states. To check consistency of the formalism, one
would obviously like to prove that this new prescription for tree amplitudes is equivalent
to the standard Ramond-Neveu-Schwarz (RNS) prescription[2].
In this paper, we prove this equivalence for tree amplitudes involving an arbitrary
number of massless bosons and up to four massless fermions. We do not yet have an equiv-
alence proof for amplitudes involving massive states or more than four massless fermions,
however, we suspect it might be possible to construct such a proof using factorization
arguments together with the results of this paper.
After reviewing the super-Poincare´ covariant formalism in section 2, we prove in sec-
tion 3 that the covariant amplitude prescription for tree amplitudes is cyclically symmetric,
i.e. it does not depend on which three of the vertex operators are chosen to be unintegrated.
The proof of cyclic symmetry is not the standard one since there is no natural b ghost in
the covariant formalism. In section 4, we prove by explicit analysis that the covariant
and RNS prescriptions are equivalent for tree amplitudes involving an arbitrary number of
massless bosons and four massless fermions. In section 5, we similarly prove equivalence
for tree amplitudes involving an arbitrary number of massless bosons and two massless
fermions. And in section 6, we use supersymmetry together with the results of section 5
to prove equivalence for tree amplitudes involving an arbitrary number of massless bosons
and zero fermions.
2. Review of Super-Poincare´ Covariant Formalism
The worldsheet variables in the new formalism include the usual ten-dimensional su-
perspace variables xm and θα (m = 0 to 9 and α = 1 to 16), as well as a bosonic spinor
variable λα satisfying the pure spinor constraint λαγmαβλ
β = 0 for m = 0 to 9.3 Although
one can solve the pure spinor constraint in terms of independent variables as in [1], this will
not be necessary for computing scattering amplitudes. In addition to the above worldsheet
3 γmαβ and γ
mαβ are 16 × 16 symmetric matrices which are the off-diagonal elements of the
32× 32 gamma-matrices and which satisfy γmαβγ
nβγ + γnαβγ
mβγ = 2ηmnδγα and γm (αβγ
m
γ)δ = 0.
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spin-zero variables, the formalism also contains the worldsheet spin-one variables pα and
Nmn, which are respectively the conjugate momentum to θα and the Lorentz currents for
λα.
The OPE’s of these worldsheet variables are
pα(y)θ
β(z)→
δβα
y − z
, xm(y)xn(z)→ −ηmn log |y − z|, (2.1)
Nmn(y)λα(z)→
(γmn)αβλ
β(z)
2(y − z)
,
Nkl(y)Nmn(z)→
ηm[lNk]n(z)− ηn[lNk]m(z)
y − z
− 3
ηknηlm − ηkmηln
(y − z)2
, (2.2)
where (γmn)αβ = −(γ
mn)β
α = 1
2
(γmαγγnγβ−γ
nαγγmγβ). As in [3], it is convenient to define
the combinations
dα = pα −
1
2
γmαβθ
β∂xm −
1
8
γmαβγmγδθ
βθγ∂θδ, Πm = ∂xm +
1
2
γmαβθ
α∂θβ (2.3)
which satisfy the OPE’s
dα(y)dβ(z)→ −
γmαβΠm(z)
y − z
, dα(y)Π
m(z)→
γmαβ∂θ
β(z)
y − z
, (2.4)
and which commute with the spacetime-supersymmetry generator4
qα = −
∮
dz(pα +
1
2
γmαβθ
β∂xm +
1
24
γmαβγmγδθ
βθγ∂θδ). (2.5)
Physical vertex operators in the super-Poincare´ covariant formalism are defined to
be in the cohomology of the BRST-like operator Q =
∮
dzλαdα. As discussed in [1], the
unintegrated massless vertex operator for the open superstring is U = λαAα(x, θ) where
Aα(x, θ) is the spinor potential for super-Yang-Mills satisfying Dα(γ
mnpqr)αβAβ = 0 for
any five-form mnpqr and Dα =
∂
∂θα
+ 12γ
m
αβθ
β∂m. The spinor potential is defined up to a
gauge transformation Aα → Aα +DαΩ, which allows one to choose the gauge
Aα(x, θ) =
1
2
am(x)γ
m
αβθ
β +
1
3
ξγ(x)γmαβγmγδθ
βθδ + ... (2.6)
where am(x) and ξ
α(x) are the linearized on-shell gluon and gluino of super-Yang-Mills
satisfying ∂m∂man = ∂
nan = γ
m
αβ∂mξ
β = 0 and ... denotes terms higher order in θ which
4 We have chosen conventions such that {qα, qβ} = γ
m
aβ
∮
dz∂xm to simplify the comparison
with RNS amplitudes.
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depend on derivatives of am and ξ
α. So in the gauge of (2.6), the unintegrated gluon and
gluino vertex operators are
UBm = [
1
2
λγmθ + ...]e
ik·x, UFα = [
1
3
(λγmθ)(γ
mθ)α + ...]e
ik·x. (2.7)
To compute scattering amplitudes, one also needs to define vertex operators in in-
tegrated form. Although there is no natural b ghost in this formalism, one can de-
fine the integrated vertex operator for a physical state, U =
∫
dzV , by requiring that
[Q, V ] = ∂U where U is the unintegrated vertex operator [4]. For the massless states,
V = ΠmAm + ∂θ
αAα + dαW
α + 12N
mnFmn where Am =
1
8γ
αβ
m DαAβ is the vector poten-
tial, Wα = 1
10
γmαβ(DβAm − ∂mAβ) is the spinor field strength, and Fmn = ∂[mAn] =
1
8 (γmn)
β
αDβW
α is the vector field strength. So in the gauge of (2.6), the integrated gluon
and gluino vertex operators are
V Bm = [∂xm − ik
n(Nmn −
1
2
pγmnθ) + ...]e
ik·x, V Fα = −[pα + ...]e
ik·x, (2.8)
where the term proportional to pγmnθ in V
B
m comes from the dαW
α term in V . As will be
shown later, the higher-order θ terms denoted by ... in (2.7) and (2.8) will not contribute
to tree-level scattering amplitudes involving up to four fermions.
The N -point tree-level scattering amplitude is defined by taking the worldsheet cor-
relation function of three unintegrated vertex operators and N − 3 integrated vertex oper-
ators, i.e.
A = 〈U1(z1)U2(z2)U3(z3)
∫
dz4V4(z4)...
∫
dzNVN (zN )〉. (2.9)
The only subtle point in computing this correlation function comes from the zero modes
of λα and θα. The correlation function over these zero modes is defined to vanish un-
less one has three λ zero modes and five θ zero modes contracted in the combination
(λγmθ)(λγnθ)(λγpθ)(θγmnpθ). More explicitly, after performing the correlation function
over xm and over the non-zero modes of θα and λα, the amplitude is obtained by defining
〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉 = 2880 (2.10)
where the normalization factor of 2880 has been chosen to give agreement with the RNS
normalization. This is equivalent to defining the correlation function over the zero modes
of Y (x, θ, λ) to be proportional to
∫
d10x
∫
dΩ(λ¯ρλ
ρ)−3γαβmnp(λ¯γ
m)γ(λ¯γn)δ(λ¯γp)κ
∫
dθαdθβdθγdθδdθκY, (2.11)
3
where λ¯α is the complex conjugate of λ
α (after Wick-rotating to Euclidean space) and dΩ
is an integration over the different possible orientations of λα. (2.11) can be interpreted
as integration over an on-shell harmonic superspace since, as was shown in [1], it preserves
spacetime-supersymmetry and gauge invariance. Note that integration over all sixteen θ’s
leads to inconsistencies as was noted in [5].
3. Cyclic Symmetry of Tree Amplitudes
The amplitude prescription of (2.9) fixes three of the vertex operators to be unin-
tegrated and the remaining vertex operators to be integrated. The choice of which three
vertex operators are unintegrated breaks the manifest cyclic symmetry of the computation,
i.e. the symmetry under a cyclic permutation of the external states. To show that the
resulting amplitude is indeed cyclically symmetric, one therefore needs to prove that the
prescription is independent of which three vertex operators are chosen to be unintegrated.
In the RNS (or bosonic string) amplitude prescription, the independence of the choice
of which three vertex operators are unintegrated can be proven using manipulations of the
b ghost[6]. This follows from the fact that the integrated vertex operator
∫
dzV is related
to the unintegrated vertex operator U by V = {b, U}. In the super-Poincare´ covariant
formalism, there is no natural candidate for the b ghost so such a proof cannot be used.
Alhough one cannot use that V = {b, U} in the covariant formalism, one can use
that [Q, V ] = ∂U [4]. Note that [Q, V ] = ∂U is also satisfied in the RNS and bosonic
string, so the proof in this section serves as an alternative to the conventional proof using
manipulations of the b ghost. Our proof will argue that
〈U1(z1)U2(z2)U3(z3)
∫ z1
z3
dz4V4(z4)
∫ z1
z4
dz5V5(z5)...
∫ z1
zN−1
dzNVN (zN )〉 = (3.1)
〈U1(z1)U2(z2)
∫ z3
z2
dyV3(y) U4(z3)
∫ z1
z3
dz5V5(z5)
∫ z1
z5
dz6V6(z6)...
∫ z1
zN−1
dzNVN (zN )〉
where z1 < z2 < ... < zN and the integration with upper limit z1 signifies an integration on
the compactified real line which includes the point at ∞. Similar arguments can be used
to prove equivalence of the amplitude prescription for any choice of the three unintegrated
vertex operators.
To prove (3.1), first write the left-hand side of (3.1) as
〈U1(z1)U2(z2)
∫ z3
z2
dy[Q, V3(y)]
∫ z1
z3
dz4V4(z4)
∫ z1
z4
dz5V5(z5)...
∫ z1
zN−1
dzNVN (zN )〉 (3.2)
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where we have used that
∫ z3
z2
dy[Q, V3(y)] = U3(z3)−U3(z2). The contribution coming from
U3(z2) can be ignored since when k2 ·k3 is sufficiently large, U2(z2)U3(z2+ ǫ)→ ǫ
k2·k3 → 0
as ǫ → 0. But since the amplitude is analytic (except for poles) in the momentum, the
contribution coming from U3(z2) must vanish for all k2 and k3 if it vanishes for some region
of k2 and k3. This is the ‘cancelled propagator’ argument discussed in [6].
Using properties of the correlation function discussed in [1], one can pull the BRST
operator off of V3(z3) until it circles either V4(z4), V5(z5), ... , VN (zN ). The contribution
coming from when it circles V4(z4) is
〈U1(z1)U2(z2)
∫ z3
z2
dyV3(y)
∫ z1
z3
dz4[−Q, V4(z4)]
∫ z1
z4
dz5V5(z5)...
∫ z1
zN−1
dzNVN (zN )〉 =
〈U1(z1)U2(z2)
∫ z3
z2
dyV3(y) U4(z3)
∫ z1
z3
dz5V5(z5)
∫ z1
z5
dz6V6(z6)...
∫ z1
zN−1
dzNVN (zN )〉
(3.3)
where the contribution from U4(z1) in (3.3) has been ignored using the cancelled prop-
agator argument described above. Similarly, the contributions from Q circling any of
V5(z5)...VN(zN ) can be ignored since they only give rise to terms which vanish due to the
cancelled propagator argument. Since (3.3) is equal to the right-hand side of (3.1), we
have proven our claim.
Similar methods can be used to prove that closed superstring tree amplitudes are
independent of the choice of which three vertex operators are unintegrated. For the closed
superstring, the unintegrated vertex operator U(z, z¯) is related to the integrated vertex
operator
∫
d2zV (z, z¯) by
{Q[Q¯, V ]} = ∂∂¯U (3.4)
where Q and Q¯ are the holomorphic and anti-holomorphic BRST operators. So the closed
superstring tree amplitude
A = 〈U1(z1, z¯1)U2(z2, z¯2)U3(z3, z¯3)
∫
d2z4V4(z4, z¯4)...
∫
d2zNVN (zN , z¯N )〉 (3.5)
can be written as
A =
1
2π
〈U1(z1, z¯1)U2(z2, z¯2)
∫
d2y
∫
d2z4 log |
(y − z3)(z4 − z3)
y − z4
|{Q, [Q¯, V3(y, y¯)]} (3.6)
V4(z4, z¯4)
∫
d2z5V5(z5, z¯5)...
∫
d2zNVN (zN , z¯N )〉
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where we have used that
1
2π
∂y∂¯y¯ log |
(y − z3)(z4 − z3)
y − z4
| = δ2(y − z3)− δ
2(y − z4) (3.7)
and that the contribution from V3(z4, z¯4) can be ignored using the cancelled propagator
argument. Note that the argument of the logarithm has been chosen such that the loga-
rithm is non-singular as y → ∞. Pulling Q and Q¯ off of V3(y, y¯), the only contribution
comes when they circle V4(z4, z¯4) to give
A =
1
2π
〈U1(z1, z¯1)U2(z2, z¯2)
∫
d2yV3(y, y¯)
∫
d2z4 log |
(y − z3)(z4 − z3)
y − z4
| (3.8)
{Q, [Q¯, V4(z4, z¯4)]}
∫
d2z5V5(z5, z¯5)...
∫
d2zNVN (zN , z¯N )〉
= 〈U1(z1, z¯1)U2(z2, z¯2)
∫
d2yV3(y, y¯)V4(z3, z¯3)
∫
d2z5V5(z5, z¯5)...
∫
d2zNVN (zN , z¯N )〉
(3.9)
which is the closed tree amplitude prescription with a different choice of unintegrated
vertex operators.
It will now be proven that for amplitudes involving an arbitrary number of massless
bosons and up to four massless fermions, the prescription given by (2.7), (2.8) and (2.9)
coincides with the standard RNS prescription of [2]. This will first be proven for ampli-
tudes involving four fermions, then for amplitudes involving two fermions, and finally, for
amplitudes involving zero fermions.
4. Equivalence for Amplitudes involving Four Fermions
Because of the cyclic symmetry proven in the previous section, one is free to choose
three of the four fermion vertex operators to be unintegrated. With this choice, the
amplitude prescription of (2.9) is
A = 〈ξα1 U
F
α (z1)ξ
β
2U
F
β (z2)ξ
γ
3U
F
γ (z3) (4.1)∫
dz4ξ
δ
4V
F
δ (z4)
∫
dz5a
m
5 V
B
m (z5)...
∫
dzNa
n
NV
B
n (zN )〉
where ξα and am are the polarizations and (UFα , V
F
α , V
B
m ) are defined in (2.7) and (2.8).
Since UFα has a minimum of two θ’s and since A requires precisely five θ zero modes to be
non-vanishing, the only terms in (UFα , V
F
α , V
B
m ) which contribute are
A = −
1
27
〈ξα1 fα(z1)ξ
β
2 fβ(z2)ξ
γ
3 fγ(z3)
∫
dz4ξ
δ
4pδ(z4) (4.2)
6
∫
dz5a
m
5 (∂xm(z5)− ik
p
5Mmp(z5))...
∫
dzNa
n
N (∂xn(zN )− ik
q
NMnq(zN ))e
i
∑
N
r=1
kr·x(zr)〉
where fα ≡ (λγ
mθ)(γmθ)α and Mmn ≡ Nmn −
1
2
(pγmnθ).
The amplitude prescription of (4.2) will now be shown to coincide with the RNS
prescription of [2] with the four fermion vertex operators in the −1
2
picture.5 Choosing
three of the fermion vertex operators to be unintegrated,
ARNS = −〈ξ
α
1 ce
−
φ
2 Σα(z1)ξ
β
2 ce
−
φ
2 Σβ(z2)ξ
γ
3 ce
−
φ
2 Σγ(z3)
∫
dz4ξ
δ
4e
−
φ
2 Σδ(z4) (4.3)
∫
dz5a
m
5 (∂xm(z5)− ik
p
5ψmψp(z5))...
∫
dzNa
n
N (∂xn(zN )− ik
q
Nψnψq(zN ))e
i
∑
N
r=1
kr·x(zr)〉
where Σα is the RNS spin field, −ξ
αce−
φ
2 Σα is the unintegrated fermion vertex operator,
and ξαe−
φ
2 Σα = {b,−ξ
αce−
φ
2 Σα} is the integrated fermion vertex operator.
The correlation function of xm is clearly equivalent in A and ARNS of (4.2) and (4.3).
So to show A = ARNS , one only needs to show that
1
27
〈fα(z1)fβ(z2)fγ(z3)pδ(z4)Mmp(z5)...Mnq(zN )〉 = (4.4)
〈ce−
φ
2 Σα(z1)ce
−
φ
2 Σβ(z2)ce
−
φ
2 Σγ(z3)e
−
φ
2 Σδ(z4)ψmψp(z5)...ψnψq(zN )〉.
To prove (4.4), first note that (2.1) implies that [1]
Mkl(y)Mmn(z)→
ηm[lMk]n(z)− ηn[lMk]m(z)
y − z
+
ηknηlm − ηkmηln
(y − z)2
, (4.5)
which coincides with the OPE of ψkψl(y) with ψmψn(z). Furthermore,
Mmn(y)fα(z)→
(γmn)α
βfβ(z)
2(y − z)
, Mmn(y)pα(z)→
(γmn)α
βpβ(z)
2(y − z)
, (4.6)
reproduces the OPE of ψmψn(y) with Σα(z). Since the dependence of A and ARNS on
z5...zN is completely determined by these OPE’s, we have shown that A = ARNS if
1
27
〈fα(z1)fβ(z2)fγ(z3)pδ(z4)〉 = 〈ce
−
φ
2 Σα(z1)ce
−
φ
2 Σβ(z2)ce
−
φ
2 Σγ(z3)e
−
φ
2 Σδ(z4)〉. (4.7)
Using the OPE’s of [2], the right-hand side of (4.7) is easily evaluated to be
γmαδγmβγ
z1 − z4
+
γmβδγmγα
z2 − z4
+
γmγδγmαβ
z3 − z4
. (4.8)
5 Comparison of the two prescriptions is complicated for amplitudes involving more than four
fermions since such amplitudes require fermion vertex operators in the + 1
2
picture.
7
The left-hand side of (4.7) can also be evaluated by analyzing the poles of pδ(z4). For
example, as z4 → z1, the left-hand side has a pole whose residue is
1
27
〈 [(γmαδ(λγmθ)(z1)− (γmλ)δ(γ
mθ)α(z1)] (λγ
nθ)(γnθ)β(z2) (λγ
pθ)(γpθ)γ(z3) 〉. (4.9)
To simplify the evaluation of (4.9), use the fact that
−(γmλ)δ(γ
mθ)α =
1
2
[(γmλ)α(γ
mθ)δ − (γmλ)δ(γ
mθ)α] +
1
2
γmαδ(θγmλ) (4.10)
= Q[
1
2
(γmθ)α(γ
mθ)δ] +
1
2
γmαδ(θγmλ)
where Q =
∮
dzλada. Since Q anti-commutes with the vertex operators at z2 and z3 and
since 〈Q(Y )〉 = 0 for any Y [1], the term −(γmλ)δ(γ
mθ)α in (4.9) can be replaced with
1
2
γmαδ(θγmλ). So using the zero mode correlation function defined in (2.11), (4.9) is equal
to 118γ
m
αδHmβγ where
Hmβγ = 〈 (λγmθ)(z1) (λγ
nθ)(γnθ)β(z2) (λγ
pθ)(γpθ)γ(z3) 〉 = 18γmβγ . (4.11)
To prove (4.11), we have used that (2.11) is Lorentz-invariant so Hmβγ must be propor-
tional to γmβγ . To find the proportionality constant, we have used from (2.10) that
γmβγHmβγ = 〈(λγmθ)(λγ
nθ)(λγpθ)(θγmnpθ)〉 = 2880.
So the residue of the 1
z1−z4
pole in (4.9) is γmαδγmβγ which agrees with the residue in
(4.8). Similarly, one can show that the residues of the 1
z2−z4
and 1
z3−z4
poles agree in the
two expressions so we have proven that A = ARNS for amplitudes involving four fermions.
5. Equivalence for Amplitudes involving Two Fermions
The proof of equivalence for amplitudes involving two fermions closely resembles the
proof for amplitudes involving four fermions. Choosing two fermion vertex operators and
one boson vertex operator to be unintegrated, the amplitude prescription in the covariant
formalism is
A = 〈ξα1 U
F
α (z1)ξ
β
2U
F
β (z2)a
m
3 U
B
m(z3)
∫
dz4a
n
4V
B
n (z4)...
∫
dzNa
p
NV
B
p (zN )〉 (5.1)
where ξα and am are the polarizations and (UFα , U
B
m , V
B
m ) are defined in (2.7) and (2.8).
Since UFα has a minimum of two θ’s, U
B
m has a minimum of one θ, and A requires precisely
8
five θ zero modes to be non-vanishing, the only terms in (UFα , U
B
m , V
B
m ) which contribute
are
A =
1
18
〈ξα1 fα(z1)ξ
β
2 fβ(z2)a
m
3 bm(z3) (5.2)
∫
dz4a
n
4 (∂xn(z4)− ik
q
4Mnq(z4))...
∫
dzNa
p
N (∂xp(zN )− ik
r
NMpr(zN ))e
i
∑
N
r=1
kr ·x(zr)〉
where f ≡ (λγmθ)(γmθ)α, bm ≡ λγmθ, and Mmn ≡ Nmn −
1
2 (pγmnθ).
The amplitude prescription of (5.2) will now be shown to coincide with the RNS
prescription of [2],
ARNS = 〈ξ
α
1 ce
−
φ
2 Σα(z1)ξ
β
2 ce
−
φ
2 Σβ(z2)a
m
3 ce
−φψm(z3) (5.3)
∫
dz4a
n
4 (∂xn(z4)− ik
q
4ψnψq(z4))...
∫
dzNa
p
N (∂xp(zN )− ik
r
Nψpψr(zN ))e
i
∑
N
r=1
kr ·x(zr)〉
where the fermion vertex operators are in the −12 picture and the unintegrated boson
vertex operator is in the −1 picture.
As before, the correlation function of xm is equivalent in A and ARNS of (5.2) and
(5.3). Furthermore,
Mmn(y)fα(z)→
(γmn)α
βfβ(z)
2(y − z)
, Mmn(y)bp(z)→
ηnpbm(z)− ηmpbn(z)
y − z
, (5.4)
reproduces the OPE of ψmψn(y) with Σα(z) and with ψp(z). So using the arguments of
the previous section, A = ARNS if
1
18
〈fα(z1)fβ(z2)bm(z3)〉 = 〈ce
−
φ
2 Σα(z1)ce
−
φ
2 Σβ(z2)ce
−φψm(z3)〉. (5.5)
Using the RNS OPE’s of [2], the right-hand side of (5.5) is easily evaluated to be
γmαβ. The left-hand side of (4.7) is
1
18
〈 (λγnθ)(γnθ)α(z1) (λγ
pθ)(γpθ)β(z2) (λγmθ)(z3)〉 =
1
18
Hmαβ = γmαβ (5.6)
from (4.11). So we have proven that A = ARNS for amplitudes involving two fermions.
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6. Equivalence for Amplitudes involving Zero Fermions
The equivalence of amplitudes involving zero fermions will now be proven using space-
time supersymmetry to relate these amplitudes with amplitudes involving two fermions.
This will be made explicit uusing the supersymmetry transformations of the covariant and
RNS massless vertex operators.
First, note that the supersymmetry generator of (2.5) exchanges the massless boson
and fermion vertex operators of (2.7) and (2.8) in the following manner:
{qα, U
B
m} =
i
2
kn(γmn)α
βUFβ +Q(Ωmα), [qα, U
F
β ] = γ
m
αβU
B
m +Q(Σαβ), (6.1)
[qα, V
B
m ] =
i
2
kn(γmn)α
βV Fβ − ∂(Ωmα), {qα, V
F
β } = γ
m
αβV
B
m + ∂(Σαβ),
for some Ωmα and Σαβ . (6.1) can be derived either by explicit computation or by using
the on-shell supersymmetry transformations of the super-Yang-Mills component fields. The
dependence on Ωmα and Σαβ comes from the fact that supersymmetry transformations do
not commute with the gauge choice of (2.6).
The covariant amplitude prescription for the scattering of N massless bosons is
A = 〈am1 U
B
m(z1)a
n
2U
B
n (z2)a
p
3U
B
p (z3)
∫
dz4a
q
4V
B
q (z4)...
∫
dzNa
r
NV
B
r (zN )〉, (6.2)
which can be written using (6.1) and BRST-invariance of the correlation function as
A =
1
16
〈am1 γ
αβ
m [qα, U
F
β (z1)]a
n
2U
B
n (z2)a
p
3U
B
p (z3)
∫
dz4a
q
4V
B
q (z4)...
∫
dzNa
r
NV
B
r (zN )〉.
(6.3)
Since the correlation function preserves supersymmetry as was shown in [1], qα can be
pulled off of UFβ (z1) until it circles any of the other boson vertex operators.
For example, when qα circles U
B
n (z2), one gets the term
−
1
16
〈am1 γ
αβ
m U
F
β (z1)a
n
2{qα, U
B
n (z2)}a
p
3U
B
p (z3)
∫
dz4a
q
4V
B
q (z4)...
∫
dzNa
r
NV
B
r (zN )〉 (6.4)
= −
i
32
〈am1 γ
αβ
m U
F
β (z1)a
n
2k
s
2(γns)α
δUFδ (z2)a
p
3U
B
p (z3)
∫
dz4a
q
4V
B
q (z4)...
∫
dzNa
r
NV
B
r (zN )〉.
But using the results of section 5, this is equal to the analagous RNS correlation function
where UFα is replaced with the picture −
1
2 fermion vertex operator −ce
−
φ
2 Σβe
ik·x, UBm is
replaced with the picture −1 boson vertex operator ce−φψpe
ik·x, and V Bm is replaced with
(∂xm − ik
nψmψn)e
ik·x.
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Similarly, when qα circles V
B
q (z4), one gets the term
−
i
32
〈am1 γ
αβ
m U
F
β (z1)a
n
2U
B
n (z2)a
p
3U
B
p (z3)
∫
dz4a
q
4k
s
4(γqs)α
δV Fδ (z4) (6.5)
∫
dzNa
r
5V
B
r (z5)...
∫
dzNa
s
NV
B
s (zN )〉.
To relate (6.5) to an analogous RNS expression, one first uses the results of section 3
to exchange UBp (z3)
∫
dz4V
F
δ (z4) for
∫
dyV Bp (y) U
F
δ (z3). One can then use the results of
section 5 to relate (6.5) to an analogous RNS expression as was done for (6.4).
So A of (6.2) is equal to a sum of RNS correlation functions involving N − 2 mass-
less boson vertex operators and two massless fermion vertex operators. It will now be
shown that this sum of RNS correlation functions is related by supersymmetry to the RNS
prescription for the scattering of N massless bosons:
ARNS = 〈{Q, ξ(z0)}a
m
1 ce
−φψm(z1)a
n
2 ce
−φψn(z2)a
p
3ce
−φψp(z3) (6.6)∫
dz4a
q
4(∂xq(z5)− ik
s
5ψqψs(z4))...
∫
dzNa
r
5(∂xr(zN )− ik
t
Nψrψt(zN ))e
i
∑
N
r=1
kr ·x(zr)〉,
where {Q, ξ(z0)} is the picture-raising operator and z0 is arbitrary. To prove A = ARNS ,
first write
ARNS =
1
16
〈{Q, ξ(z0)}a
m
1 γ
αβ
m [q
RNS
α ,−ce
−
φ
2 Σβ(z1)]a
n
2 ce
−φψn(z2)a
p
3ce
−φψp(z3) (6.7)
∫
dz4a
q
4(∂xq(z4)− ik
s
4ψqψs(z4))...
∫
dzNa
r
5(∂xr(zN )− ik
t
Nψrψt(zN ))e
i
∑
N
r=1
kr ·x(zr)〉,
where qRNSα =
∮
dze−
φ
2 Σα is the RNS spacetime-supersymmetry generator in the −
1
2
picture[2]. Pulling qRNSα off of −ce
−
φ
2 Σβ(z1) until it circles the other vertex operators, one
recovers precisely the same terms as found earlier.
For example, if qRNSα circles ce
−φψn(z2), one obtains the term γnαβce
−
3φ
2 Σβ(z2).
Choosing z0 = z2, one gets the picture-raised version of this term which is
i
2k
s
2(γns)α
δ
ce−
φ
2 Σδ(z2). Comparing expressions, one sees that this is precisely the RNS version of
(6.4). Similarly, if qRNSα circles ∂xq(z4)− ik
s
4ψqψs(z4), one obtains
i
2k
s
4(γqs)α
βe−
φ
2 Σβ(z4).
Choosing z0 = z3 to convert ce
−φψp(z3) to c(∂xp(z3) − ik
u
3ψpψu(z3)) and using cyclic
symmetry to exchange the integrated and unintegrated vertex operators at z3 and z4,
one recovers the RNS version of (6.5). So we have proven the equivalence of amplitudes
involving zero fermions.
Acknowledgements: NB would like to thank Warren Siegel and Edward Witten
for useful discussions and CNPq grant 300256/94-9 for partial financial support. BCV
would like to thank Osvaldo Chandia for useful discussions and Fapesp grant 98/15374-1
for financial support.
11
References
[1] N. Berkovits, Super-Poincare´ Covariant Quantization of the Superstring, hep-
th/0001035.
[2] D. Friedan, E. Martinec and S. Shenker, Conformal Invariance, Supersymmetry and
String Theory, Nucl. Phys. B271 (1986) 93.
[3] W. Siegel, Classical Superstring Mechanics, Nucl. Phys. B263 (1986) 93.
[4] W. Siegel, private communication;
N. Berkovits, M.T. Hatsuda and W. Siegel, The Big Picture, Nucl. Phys. B371 (1992)
434, hep-th/9108021.
[5] A.R. Mikovic, C.R. Preitschopf and A.E. van de Ven, Covariant Vertex Operators for
the Siegel Superstring, Nucl. Phys. B321 (1989) 121.
[6] J. Polchinski, String Theory, Vol. 1, Cambridge University Press (1998).
12
